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Abstract. In this contribution, we outline a new 2-phase description of the quark-nuclear
matter hybrid equation of state that takes into account effects of phase space occupation
(excluded volume) in both, the hadronic and the quark matter phases. For the nuclear matter
phase, the reduction of the available volume at increasing density leads to a stiffening, while
for the quark matter phase a reduction of the effective string tension in the confining density
functional is obtained. The deconfinement phase transition in the resulting hybrid equation
of state is sensitive to both excluded volume effects. As an application, we consider matter
under compact star constraints of electric neutrality and β-equilibrium. We obtain mass-
radius relations for hybrid stars that fulfill the 2M constraint and exhibit the high-mass twin
phenomenon. Both features depend sensitively on the excluded volume.
1. Introduction
There is a growing interest in the physics of compact stars, since their masses and radii are
observables that can constrain the dense matter equation of state (EoS) at zero temperature
and thus provide benchmarks, which are not accessible in terrestrial experiments. The question
arises: is there quark matter in compact star interiors, and how would it manifest itself in
observations? In this context, the recent conjecture about the existence of high-mass twin stars
[1, 2] is of special interest for the heavy-ion collision programmes searching for the critical point
in the QCD phase diagram. If the pattern of a third family of compact stars, or just a quasi-
horizontal branch in the population of high mass pulsars at ∼ 2M in their mass-radius (M−R)
diagram could be identified by means of precise mass and radius measurements, then this would
imply the existence of a strong 1st order phase transition (PT) in compact star matter at T = 0,
which in turn proves the existence of at least one critical endpoint in the QCD phase diagram.
As it has been shown in [3], there are three necessary conditions on the hybrid star EoS in
order to obtain high-mass twin configurations in the M − R diagram: (i) a strong stiffening
of nuclear matter at supersaturation densities, (ii) a density dependent stiffening of quark
matter and (iii) a sufficiently soft behaviour of quark matter at the deconfinement PT in
order to provide the necessary large jump in energy density in order to render the hybrid star
branch disconnected from the hadronic one. For the EoS criteria on hybrid star branches being
connected or disconnected to hadronic ones, see also [4].
In this contribution, we present an effective relativistic density functional approach to quark-
nuclear matter at zero temperature that implements a mechanism of quark confinement based
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on the Cornell-type confining potential. To this end, we revive the ideas of the string-flip model
(SFM) [5, 6] giving them a relativistic form as in [7]. In a simplified form such a model has
recently already been applied to study massive hybrid stars [8]. The main new ingredient of
the present work is a heuristic ansatz for the reduction and vanishing of the effective string
tension in dense matter, which is assumed to scale with the available volume fraction. This will
provide condition (ii) while (i) is realized by an excluded volume prescription [9] applied to the
DD2 EoS [10, 11] and (iii) from multiquark interactions [12]. We will provide the two-flavor
quark-nuclear matter EoS under neutron star conditions of charge neutrality and β-equilibrium
and demonstrate the possibility to obtain high-mass twin stars with a third family branch that
covers masses of 1.8 – 2.3 M and radii of 11 – 14 km that are well separated from the radii of
the hadronic star branch of 15.0 – 15.5 km in the same mass range.
2. Description of the quark matter model
The quark phase of matter in compact stars is considered to be a combination of up, down
quarks in β-equilibrium with electrons. We neglect the contribution from strange quarks since,
due to the large threshold chemical potential of ∼ 1500MeV, they are insignificant. Here, we
consider quark confinement to be achieved through a density dependence of the quark masses
mI = Σs, generated by the scalar quark selfenergy Σs that diverges for densities approaching
zero. We notice that in the equation of motion for hadrons the diverging quark selfenergies are
exactly compensated by those of the confining interaction [13].
As usual for fermions, there is also a vector selfenergy Σv that results in an energy correction
contributing to the Hamiltonian functional,
HQCD = Hk +
∑
q=u,d
mq0 q¯q +HI ≡
∑
q=u,d
q¯ (γ0 ~γ · ~p+mq − γ0ω0) q , (1)
where mq0 (q = u, d) are the bare quark masses, which we neglect here in considering the chiral
limit. Hk is the kinetic term, and HI is the interaction term.
The effective mass, mq, and the vector meanfield, ω0, embody all the medium effects of
interacting quark matter. At T = 0, the density functional for the effective mass is taken from
the string flip model (see also [8]),
mq = mq0 + Σs = mq0 +D(nB)n
− 1
3
B︸ ︷︷ ︸
confinement
+ Cn
1
3
B︸︷︷︸
Coulomb or OGE
, (2)
where OGE stands for one gluon exchange, and Σs is parameterized as a function of the
baryon number density nB. The confinement interaction dominates at lower densities, while
the perturbative OGE interaction becomes more important at higher densities and is neglected
for now. The main new element of the present study is D(nB), the effective in-medium string
tension resulting from multiplying the vacuum string tension σ ∼ D0 between quarks with the
available volume fraction Φ(nB),
D(nB) = D0 Φ(nB)︸ ︷︷ ︸
effective string tension
, (3)
Φ(nB) = exp
{
−α
2
(nB − n0) (nB − n0 + |nB − n0|)
}
, Gaussian (4)
Φ(nB) = (1 + vexnB)
−1 , inverse linear (5)
where vex is the excluded volume parameter and α = v
2
ex. The effect of the Gaussian versus the
inverse linear scheme on the EoS are compared in Fig. 1. From [12], we have
ω0(nB) =
a
Λ2
nB +
b
Λ8
n3B , (6)
where Λ = 200 MeV has been introduced to allow a and b to be dimensionless quantities. The
quark quasiparticle dispersion relation in quark matter is then
Eq(p) =
√
p2 +m2q(nB) + ω0(nB) . (7)
The EoS follows from the energy density ε =
∑
q=u,d εq, with the partial energy densities
εq =
3
pi2
∫ pq
0
dp p2Eq(p) =
3
pi2
∫ pq
0
√
p2 +m2q(nB) p
2dp︸ ︷︷ ︸
εFG,q
+ nqω0(nB)︸ ︷︷ ︸
∆εq
, (8)
where pq is the quark Fermi momentum. Since the quark masses mq are density dependent, the
quark chemical potentials µq have an additional term, ∆µq with respect to the free Fermi gas
µq =
dε
dnq
=
∂εFG,q
∂pq
∂pq
∂nq
+
∑
j
(
∂ε
∂mj
∂mj
∂nq
+
∂∆εq
∂nq
)
=
√
p2q +m
2
q(nB) + ∆µq , (9)
∆µq =
∑
i=u,d
3
pi2
∫ pi
0
p2dp
mi√
p2 +m2i
∂mi
∂nq
+ ω0(nB) + nB
∂ω0(nB)
∂nB
. (10)
The relevant chemical potentials satisfy the β−equilibrium condition µd = µu + µe , where we
assume that neutrinos escape without interacting. The number densities are then constrained
by the charge neutrality condition in compact stars (2/3)nu − (1/3)nd − ne = 0. With these
values we are able to calculate total pressure as the thermodynamic potential of the system,
Ptot = −
∑
i=u,d,e
εi +
∑
i=u,d,e
µini . (11)
3. Results and Conclusions
Our results for the compact star EoS are shown in the left panel of Fig. 1 and demonstrate
that increasing the excluded volume parameter results in a stiffening of the nuclear matter and
a softening of the quark matter branches so that at the intersection of both branches in the
P −µB diagram the change in pressure slope increases. This corresponds to a larger jump in the
energy density at the transition and thus to enforcing the instability induced by it for compact
star configurations. The masses and radii for compact stars are obtained from solving the
Tolman-Oppenheimer-Volkoff equations with the corresponding hybrid EoS as input. Results
are shown in the right panel of Fig. 1 and illustrate the above statement that the increase of the
excluded volume parameter vex leads to the occurrence and prominence of the high-mass twin
star effect. For vex = 0 the 2M mass constraint [14, 15] is not fulfilled.
We have presented an effective relativistic density functional approach to quark-nuclear
matter at zero temperature that implements a mechanism of quark confinement based on the
Cornell-type confining potential, thus reviving the ideas of the string-flip model in a relativistic
fashion. We have demonstrated that the main new ingredient of the present work, the effective
reduction of the string tension in dense matter by the available volume fraction Φ(nB) results in
a softening of quark matter at intermediate densities in the region of deconfinement transition.
This provided a large jump in energy density at the transition as a necessary condition for
obtaining high-mass twin star configurations and an extended branch of compact, massive hybrid
stars with masses of 1.8 – 2.3 M and radii of 11 – 14 km that are well separated from the
hadronic star branch in the same mass range. It is a goal of future observational programmes
to make sufficiently accurate neutron star radius measurements feasible.
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Figure 1. Left: EoS with deconfinement transition between DD2-MEV (thin lines) and SQM
(bold lines) for different excluded volume parameters, (vex[fm
3], D0[MeV], a, b): SFM-A (0.0,
170, 0.0, 0.0), SFM-B Gaussian Φ(nB) (2.0, 190, 0.29, 0.01) and SFM-C inverse linear Φ(nB)
(2.0, 220, 0.25, 0.04). The label ”p80” stands for positive vex = 8.0 fm
3, ”p40” for vex = 4.0
fm3, and ”p00” for vex = 0. Right: Mass-Radius sequences for compact stars with the EoS of
the left panel. The hadronic part of the sequences is shown by the solid lines, the broken lines
correspond to hybrid stars whereby the branches with positive slope are formed by unstable
configurations.
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